A HEREDITARILY INDECOMPOSABLE 
TREE-LIKE CONTINUUM WITHOUT 
THE FIXED POINT PROPERTY 



PlOTR MiNC 

Abstract. A hereditarily indecomposable tree-like continuum without the fixed 
point property is constructed. The example answers a question of Knastcr and Bel- 
lamy. 

1. Introduction 

By a continuum we understand a nondegenerate, connected and compact metric 
space. A continuum is decomposable if it can be represented as the union of two 
proper subcontinua. A continuum with no such representation is indecomposable. 
A continuum containing no decomposable subcontinua is called hereditarily inde- 
composable. The first example of a hereditarily indecomposable continuum was 
given by B. Knaster in [14]. A continuum is tree-like if it is the inverse limit of a 
sequence of trees. This paper is motivated by the question of whether every hered- 
itarily indecomposable continuum has the fixed point property. The question was 
asked by Knaster (Problem 29, [15]) and Bellamy (page 34, [3]). In this paper we 
answer the question by proving the following theorem. (Note that a fixed point is 
also a periodic point of period 1.) 

Theorem 1.1. For each positive integer j there exists a hereditarily indecomposable 
tree-like continuum Xj and a map hj : Xj Xj such that hj does not have periodic 
points of periods less than or equal to j. 

The question by Knaster and Bellamy is very closely related to the old open 
problem whether every nonseparating plane continuum has the fixed point prop- 

1991 Mathematics Subject Classification. Primary 54F15, Secondary 54H25. 

Key words and phrases, tree-like continuum, hereditarily indecomposable, fixed points. 

This research was supported in part by NSF grant # DMS-9505108. 

Typeset by AjvlS-TW^ 

1 



2 PIOTR MINC 

erty (see [17, Problem 107]). Every nonseparating plane continuum with no interior 
points is tree-like. In 1978, D. P. Bellamy [2] presented his spectacular example 
of a (non planar) tree-like continuum without the fixed point property. Indecom- 
posable continua appear naturally in the fixed point problems for both plane and 
tree-like continua. H. Bell (1967) [1], K. Sieklucki (1968) [27] and S. Iliadis (1970) 
[13] proved that each fixed-point-free map of a plane nonseparating continuum X 
into itself must have an invariant indecomposable subcontinuum in the boundary of 
X. The Bellamy continuum is indecomposable. In 1976, R. Mahka [16] proved that 
every tree-like continuum without the fixed point property must contain an inde- 
composable continuum, not necessarily invariant (see [22]). Arcs are "the ultimate" 
decomposable continua. In 1954, K. Borsuk [5] proved the fixed point property for 
arcwise-connected tree-like continua. The corresponding result in the plane was 
proven in 1971 by C. Hagopian [8]. Hagopian further extended this line of results 
by proving the fixed point property for maps preserving arc-components. For the 
precise statements see [9], [10] (the plane) and [11] (tree-like continua). 

Even though the Bellamy continuum is indecomposable, it contains arcs playing 
an important role in the construction. Very roughly speaking, the idea is to take 
a map / on some Knaster bucket handle continuum K such that the only fixed 
point is the endpoint e of K. The map / pushes points of the arc-component of e 
away from e. Then, the fixed point e is split into an infinite set Z by replacing an 
arc containing e by the cone over Z. In the fixed-point-free map, branches of the 
cone are switched while its vertex is pushed further away onto the arc-component 
of e. Bellamy writes in [3] : It seems possible that hereditary indecompos ability, like 
its "opposite, " hereditary decomposability, could defeat the split, switch and push 
strategy. This turns out not to be the case. In this paper we once again (see [19], 
[21] and [22]) start from Bellamy's marvelous construction to answer his question. 

It was observed by J. B. Fugate and L. B. Mohler [7], that if X is a tree-like 
continuum and / : X — > X is a fixed-point-free map, then the inverse limit X of 
copies X, with / as the bonding map, is a tree-like continuum and the shift map 
on X does not have fixed points. The idea of our example is to construct a map 
/ so that the inverse limit X is not only fixed-point-free but it is also hereditarily 
indecomposable. To get our results as it is stated in Theorem 1.1, we start our 
construction from the continuum Bj described in [19]. Bj is a variation of the 
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Bellamy example admitting a map fj with no periodic points of periods less than 
or equal to j. To get just a fixed-point-free map, one could begin with the original 
Bellamy's continuum [2] or any of its other variations [24], [25], [26] and [6]. We use 
the theorem by Fugate and Mohler, to get Bj and fj which is a "smoother" version 
of Bj and fj. Every proper subcontinuum of Bj is an arc, a length function can be 
defined on arcs contained in Bj and fj is a homeomorphism expanding the length 
of each arc. Then, fj is corrected by a small change in such a way that each arc 
in Bj produces a hereditarily indecomposable continuum in the inverse limit. For 
this purpose, we use very extensively the technique presented by W. R. R. Transue 
and the author in [23] where a transitive map on [0, 1] whose inverse limit is the 
pseudoarc was constructed. The first example of a map on [0, 1] whose inverse limit 
is the pseudoarc was given by G. W. Henderson [12]. However, Henderson's idea 
could not be used in our construction, because his map is close to the identity and 
we must keep close to the length expanding map fj. 

The continuum constructed in this paper is, or at least appears to be, not planar. 
It would be interesting to prove that every hereditarily indecomposable nonsepa- 
rating plane continuum has the fixed point property. Such result would parallel the 
case of weakly chainable continua with a theorem for plane nonseparating continua 
[18] and a counterexample for tree-like continua [21]. 

2. Introducing crookedness to arcs in indecomposable continua. 

In this section, we consider a continuum B satisfying the conditions (B1)-(B5) 
listed below. We use very extensively the technique presented by W. R. R. Transue 
and the author in [23] to get a map on B whose inverse limit is hereditarily inde- 
composable. The main goal of this section is Theorem 2.13. It corresponds very 
closely to the theorem on page 1169 in [23] and we have to virtually repeat the 
same argument to see whether its fine details work in the new setting. 

Suppose that B is a tree-like continuum and /3 is a map of B onto [0, 1] such 
that the following conditions are satisfied: 

(Bl) each (non-trivial) proper subcontinuum of B is an arc, 

(B2) dim (/J-^ [t)) = for each t e [0, 1], 

(B3) ((0, 1)) is homeomorphic to the product (0, 1) and the Cantor set, 
(B4) (5 restricted to /3~^ ((0, 1)) is the projection of the product onto the (0, 1) 
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component, and 

(B5) every point of B is either an endpoint or it has a neighborhood homeomor- 
phic to the product of the Cantor set and an open interval. (A point of B 
is an endpoint if it does not belong to an open arc contained in B.) 

For an arc A c B, we will define the (3-length of A as the sum 

A(A)= diam(/3(C7)) 

ceC(A) 

where C (A) denote the set of components of j4n/3~^ ((0, 1)). Observe that A (A) = 
A (^i)+A {A2) if Ai and A2 are subarcs of A such that A = A1LIA2 and A = AinA2 
is a single point. 

We will leave the proof of the following proposition to the reader. 

Proposition 2.1. For each positive number rj there is a positive number e with the 
property that diam (^4) < r] for each arc A c B such that A {A) < e. 

For a point a e ((0, 1)), let L (a) denote the closure of the component of a 
in (3^^ ((0, 1)). Observe that (3 restricted to L (a) is a homeomorphism onto [0, 1]. 
Let h [a] : [0, 1] ^ L (a) be the homeomorphism so that P o h[a] is the identity on 
[0, 1]. Let e (a) and d (a) denote the endpoints of L (a) so that /3 (e (a)) = and 
(}{d{aj) = l. 

Let Z = (i) . For each point z & Z there is at most one point (z) e Z\{z} 
such that e (r^ (zj) = e (z). In the case when e{z) ^ e (t) for each point t G Z\{z}, 
we will set t~ (z) = z. Similarly, there is at most one point t+ (z) £ Z \ {z} such 
that d (t+ (z)) = d{z). In the case when d{z) ^ d (t) for each point t & Z\ {z}, we 
will set r+ (2;) = z. 

Proposition 2.2. limj^oo t~ {zi) = t~ {z) and limj^oo (zi) = r"*" (z) for each 
sequence Zi € Z such that limj^oo Zi = z. 

Proof. Suppose s is the limit of a subsequence of (t~ {zi))°^Q. Observe that e (s) = 
e(z). Thus, either s = z or s = r~ (z). Suppose s = z. In this case, an infinite 
sequence sets of the form L (zj) U L (r~ (zj)) converges L (z). If r~ (z,) = z,, e (zj) 
is an endpoint. If t~ (z,) ^ ^ij, the set L {zi)[JL (t~ (z,)) forms a "V" close to L (z). 
Since there is either infinitely many cases of t~ (zj) = Zj or infinitely many cases 
of T~ (zj) ^ Zj, the point e (z) does not have a neighborhood homeomorphic to the 
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product of the Cantor set and an open interval. So, by (B5), e {z) is an endpoint. 
Thus, T~ {z) = z and consequently s = t~ (z). Since the limit of an arbitrary 
subsequence of (t~ (-2i))^o i^)' '^^ have the result that linij^oo {zi) = 

T~ {z). The proof of limj^oo {zi) = r+ (z) is similar and will be omitted. 

Let / : B — > B be a map. We will say that / is Lipschitz if there is a constant s 
such that A (/ (A)) < sX (A) for each arc A c B. If cr is a number greater than 1, 
we will say that / stretches by cr if A (/ (A)) > aX (A) for each arc A c B. 

For any two points a and b belonging to the same arc-component of B, let [a, b] 
denote the arc in B between a and b. ([a, a] is just a single point.) 

Suppose /i and /2 are maps of B into itself such that /i (t) and /2 (t) belong 
to the same arc component of B for each t G B. Let d\{fi,f2) be the supremum 
of A ([/i (t) , /2 (t)]) where t € B. By saying that d\ (/, /') is finite we will imply, 
in particular, that / (t) and /' (t) belong to the same arc component of B for each 
t G B. 

The following proposition is a simple consequence of Proposition 2.1. 

Proposition 2.3. For each positive number rj there is a positive number e with the 
property that the distance between f and f is less than rj for every two maps f and 
f of B into itself such that dx (/, /') < e. 

Proposition 2.4. Suppose f : B ^ B is a Lipschitz map with the Lipschitz con- 
stant s. Let F : B ^ B be a map such that d\ {f,F) < rj for a certain positive 
number rj. Then dx (/•', F^) < (s + 1)''"^ r] for each positive integer j. 

Proof. The proposition is true for j = 1- We assume that it is true for j — k and 
we will prove it for j = k + 1. Let t be an arbitrary point of B. Observe that 

A ( it) , /*= {F (t))] ) < s>'X ([/ it) , F m < s\ 

Since 

A ( {t) , F^+^ {t)] ) < A ( [Z'^+i {t) , f^ {F (i))] ) + A ( [f {F it)) , F'^ {F (t))] ) , 
we have the result that 



A ( (t) , F>'+' it)] )<s>'r] + {s + 1)"-' v<is + ltv 
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and the proposition is proven by induction. 

For any non-degenerate arc A C B, one of its endpoints a and any positive 
number e, let H {a, A, e) denote the set of points t G B such that a and t belong to 
the same arc component of B, [a, t]riA — {a} and A ([a, t]) < e. Clearly, H (a, A, e) 
is either the point a or an arc with a as one of its endpoints. 

For any arc A c B, suppose that a and b denote the endpoints of A. If e is a 
positive number, by N {A, e) we will denote the union H {a, A,e) U Au H {b, A, e). 

Observe that the following proposition holds. 

Proposition 2.5. Suppose f : B ~> B is a Lipschitz map with the Lipschitz con- 
stant s. Then f{N{A,e)) C N(f{A),se) for any arc A C B and any positive 
number e. 

For any arc A c B and a positive number e such that e < A (A) /2, let Ki {A, e) 
be a subarc of A containing one of the endpoints of A so that X{Ki (^4, e)) = 
A {A) — e. Let K2 {A, e) be the subarc of A containing the endpoint of A that 
does not belong to Ki {A,e) so that X{K2{A,e)) = X{A) — e. Additionally, let 
K{A,e)=Ki{A,e)nK2{A,e). 

Let / : B — > B be a map and let e and 5 be two positive numbers. We will say that 
/ is (e, 6)-crooked if for each arcs A and C contained in B so that 26 < X (A) < e 
and / (C) = A, there are two disjoint arcs Ci and C2 contained in C so that 
f{Ci) = f{C2) = K{A,S). 

The proof of the next three propositions is left to the reader. 

Proposition 2.6. Let e and 5 be two positive numbers and let f : B ^ B be a (e, 6)- 
crooked map. Then, for each arcs A and C contained in B so that 25 < X {A) < e 
and f (C) = A, there are two disjoint arcs C{ and C'2 contained in C so that 
f (C() = {A, 6) and f {C[) = K2 {A, 5). 

Proposition 2.7. If a > 5 and n < e, then every {e,5)-crooked map of B into 
itself is also {^j., a) -crooked. 

Proposition 2.8. Let e, 5 and rj be positive numbers. Suppose f and F are maps 
of B into itself such that dx (/, F) <t]. If f is (e, 5)-crooked, then F is (e, S + 2t])- 
crooked. 

The following proposition corresponds to [23, Proposition 4]. 
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Proposition 2.9. Let f be a map of B into itself with the property that for each 
positive numbers /j. and 6, there is a positive integer n such that /" is (/U, 6)-crooked. 
Then the inverse limit of copies of B with f as the bonding map is hereditarily 
indecomposable. 

Proof. Let X denote the inverse limit of copies of B with / as the bonding map. Let 
Pi denote the projection into i-th copy of B in the inverse sequence. Suppose that X 
contains two subcontinua Xi and such that the sets Xi\X2, X2\Xi and Xir\X2 
are not empty. There is a positive integer k such that the sets pk {X\) \pk {X2) and 
Pk {X2) \pk {Xi) are not empty. By (Bl), pk {Xi) and pk {X2) are arcs. It follows 
that A = Pk {Xi)Llpk {X2) is also an arc. Take iJ.> X (A). Let Ai denote the closure 
ofpk (Xi) \pk {X2) and let A2 be the closure of (X2) \pk {Xi). Clearly, Ai and 
A2 are nondcgcncrate arcs. Let 6 he a positive number less than the minimum of 
A(Ai) and A(A2). 

There is a positive integer n such that /" is (/x, (5)-crooked. Let C = pk+n (Xi ) U 
Pk+n {^2)- Since /" (C) = A, C is a proper subcontinuum of B. Consequently, 
C is an arc. There are two disjoint arcs Ci and C2 contained in C such that 
/» (Ci) = /" (C2) = K{A,S). Since K{A,S) is contained in neither pk (Xi) nor 
Pk {X2), we have the result that, fori = 1,2, d is contained in neither pfc+n (-'^i) nor 
Pfc_i_„ (X2 ) . It follows that each of the arcs Ci and C2 contains pk+n {Xi ) Cipk+n {X2 ), 
and thus Ci n C2 0, a contradiction. 

The next proposition readily follows from the definitions and Proposition 2.3. 

Proposition 2.10. Let fo, /i, /2, • • • be a sequence of maps of B into itself such 
that X^^o (/«' finite. Then the sequence /o,/i,/2,--- converges uni- 
formly and its limit f has the property that d\ (/o,/) < ^i^^dx Addi- 
tionally, if each of the maps fo, fi, /2, • • • is (/x, 5)-crooked for some positive numbers 
/U and 6, then f is also {fi,5)-crooked. 

The following proposition corresponds to [23, Proposition 5]. 

Proposition 2.11. Let e < 1 and 7 < e/4 be two positive numbers. Then there is 
a Lipschitz map g : B ^ B such that 

(i) for each point t € B, t and g {t) are in the same arc component of B and 
A([i,5(t)])<e/2 + 7, 
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(ii) g is {e,^)- crooked, 

(iii) \{g{A))>\ {A) for each arc A(ZB, 

and if, additionally, A {A) > 7, then 

(iv) Xig{A)) > e/2, and 

(v) g {N (A, r)) G N {g (A) , r + 7) for each positive number r. 

Proof. Let q be an integer such that 97 > 4. Let n = 1/q and let p be the 
integer so that ii{p — 2) < e/2 < ii{p— 1). We will now define a piece-wise linear 
function g^ : [0, 1] [—1, 2]. For each i = 0, . . . ,q — 1, on the interval of the form 
[i/x, {i + 1) fj] the function go is defined in the following way: go {in) = i/j., then 
we move up to (i+p) fi in crooked fashion, joining linearly values i/j., {i + 1) /i, 
{i + 2)n, {i + ^)^i, {i + 2)fi, {i + 3)fi, ii + 2)fi, (i + l)^, (i + 2)M, (i + 3)/i, 
{i + 2) fi, {i + 3) /i, {i + 4) /i, (see[4]), then we move crookedly down to {i — p) fi, 
and then up again to {i + 1) /i, a goal which is achieved at {i + 1) /j.. 

Now, we are ready to define g. Let z be an arbitrary point of Z and let t be an 
arbitrary point of L (z). Let 



Continuity of g is guarantied by Proposition 2.2. It may be verified that g has the 
remaining required properties. 

The following Lemma 2.12 corresponds to the lemma on page 1167 in [23]. The 
proof presented here is almost the same as in [23]. The only difference, apart from 
setting it for the continuum B instead of the interval [0, 1], is replacing the condition 
that / eventually expands each interval to [0, 1] by the condition that / stretches. 

Lemma 2.12. Let a be a number greater than 1 and let f : B —> B be a Lipschitz 
map that stretches by a. Let rj, S and fi be positive numbers. Then there is a map 
F : B ^ B and there is a positive integer n such that 

F is Lipschitz and stretches by a, 
dx if, F) < T], and 
F" is {iJ,, 6) -crooked. 




h[z]{gn{t)), ifO<,go(i)<l 
h[T+{z)]{2-go{t)), if<?oW>l 
h[T-iz)]i-go{t)), ifO><?oW- 
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Proof. Since / is Lipschitz, there is a number s > 2 such that 

(1) A (/ {A)) < sX (A) for each arc AcB. 

Set e = rj/s. Let n be a positive integer such that cr"e > 2/i. Let 7 be a positive 
number less than min (e/4, 5s~"/4). 

Let 5 be a map satisfying Proposition 2.11. Define F = fog. Clear fy, F is 
Lipschitz as the composition of two Lipschitz maps. Since / stretches by a, it 
follows from Proposition 2.11 (iii) that F also stretches by a. 

Suppose t is an arbitrary point of B. By Proposition 2.11 (i), t and g (t) are in 
the same arc component of B and X{[g (t) ,t]) < e = r]/s. It follows that F {t) and 
/ {t) are in the same arc component of B and, by (1), X{[F {t) ,f (t)]) < r]. 

To prove that i^" is (/i, (5)-crooked, we need the following two claims. 

Claim 1. Let A c B be an arc such that X (A) > 7. Let r be a positive real 
number and let j be a positive integer. Then F^ {N {A, r)) C N (F-' (A) , q), where 
q = s^ (r + 27) . 

Proof of Claim 1. Since F stretches by ct > 1, we have the result that A (-F* (A)) > 7 

for each positive integer i. Set qo = r and Qi+i — s{qi+-f) for i = 0,1, 

Repeatedly using Proposition 2.11 (v), the condition (1) and Proposition 2.5, one 
can prove F^ (TV {A, r)) c N {pi {A) , q^) . Observe that qj = sh + s-^7 + s^-'^'y + 
. . . + S7 = s-'r + 7St^ = + 7^^^ < {r + 7^^) . Since s > 2, 

< 2, and, consequently, qj < (r + 27), so the claim is true. 

Claim 2. Let C C B be an arc such that 27 < A (C) < e + 2^ for some positive 
number v. Then there is an arc G C C such that 27 < A (G) < e and C C N (G, u). 

Proof of Claim 2. If A (G) < e, we set G = C. So, we may assume that A (G) > e. 
Since A (G) — e < 2v, there is a number k> X (G) — e such that k < X (G) — e + 7 
and K < 2v. Set G = K (G, k/2). In this case, A (G) = A (G) - k < e. We have also 
A (G) = A (G) - K > e - 7 > 27. Finally, C = N {G, k/2) c N (G, u). 

Let ^ be a subarc of B such that 26 < X (A) < ij.. Suppose that / C .B is an arc 
such that i^" (/) = A. To complete the proof of the lemma, it is enough to show 
that 

there are two disjoint subarcs Ai and A2 of / such that 

(2) i<:(A<5) cF"(^i)nF"(A2). 
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We will observe that 
(3) A(7)<7. 

Suppose to the contrary. Then, by Proposition 2.11 (iv), A(g(/)) > e/2. Since 
/ stretches by ct, A(F(/)) > cre/2. Since F stretches by a, A (F" (/)) > cr"e/2. 
The last number is greater than ^ by the choice of n, so we get A (A) > /x, a 
contradiction. 

Since F" (/) = A and A (A) > 2(5 > 7, A (F" (/)) > 7. Let m be the greatest 
integer such that A (F™ (/)) < 7. Clearly, < m < n. Denote F™ (I) by M. We 
will consider two cases: A (<? (M)) > 27 and A {g (M)) < 2j. 

Case: A(5(M))>27. 

Since A (M) < 7, it follows from Proposition 2.11 (i) that A {g (M)) < e + 87. It 
follows from Claim 2 that there is an arc G C g (M) such that 27 < A (G) < e 
and g{M) c N {G,2^). Since 5 is (e, 7)-crooked (Proposition 2.11 (ii)), it fol- 
lows from Proposition 2.6 that there two disjoint arcs Mi and M2 contained in 
M such that g{Mi) = Ki{G,^) and g{M2) = K2{G,'y). There are two dis- 
joint arcs Ai and A2 contained in I such that F'^ (Ak) = Mk for k = 1,2. 
Observe that g (M) c N {g (Mfe) , 87) and it follows from Proposition 2.5 that 
F{M) CN {F {Mk) , 3s7) for A; = 1, 2. Since A {g {Mk)) > 7 and / stretches (by a), 
we have the result that A (F {Mk)) > 7. It follows from Claim 1 that ^ = F" {I) = 
pn-m (jy-^ (- (^pn-m (^^^ ^ ^n-m-i (3^^ ^ 27)) . Since s"-™-^ (3s7 + 27) < 

4s"7 <S,K {A, S) C F"-™ (Ml) n F""™ (M2) = F" (^1) n F" (^2)- 
Case: X{g{M))<2-f. 

It follows from (1) and the choice of m that 7 < A (F (M)) < 27s. (Notice, that 
the last inequality implies, in particular, that n> m + 1, because 7s < 6.) 

By Proposition 2.11 (i) and (iv), e/2 < A(fif(F(M))) < e -h 27 (s -|- 1). Using 
Claim 2 we get an arc G C 5 (F (M)) such that 27 < A (G) < e and g (F (M)) c 
A''(G, 7(s-|- 1)). Since g is (e, 7)-crooked (Proposition 2.11 (ii)), it follows from 
Proposition 2.6 that there two disjoint arcs Mi and M2 contained in F (M) such 
that 5 (Ml) = Ki{G,'y) and g{M2) = -K'2(G, 7). There are two disjoint arcs 
Ai and A2 contained in / such that F'"+^ (A^) = Mk for A; = 1,2. Observe 
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that g {F (M)) C N {g {Mh) , 7 (s + 1) + 7) C N {g (Mfe) , 257) and it follows from 
Proposition 2.5 that (M) c N {F [Mk) , 2s^j) for k = 1,2. Since A {g {Mk)) > 7 
and / stretches (by a), we have the result that \ {F{Mk)) > 7. It follows from 
Claim 1 that = F" (/) = F""™ (M) c N (Mfe) , s"-'"-^ (28^^ + 27)). 

Since s"-'"-^ (2s2-y + 27) < 4s"7 < 5, K{A,5) C F"-'"(Mi) n F""™ (M2) = 
(Ai) n (A2) and the proof of the lemma is complete. 

Theorem 2.13. Suppose e is a positive number and /o : B ^ B is a Lipschitz 
map that stretches by a certain number cr > 1. Then there is a map f : B ^ B 
such that dx (/. /o) < e and the inverse limit of copies of B with f as the bonding 
map is hereditarily indecomposable. 

Proof. We are going to construct a sequence of positive integers n (1), n (2), n (3), 
. . . and a sequence /i, /2, /s, • • • of maps of B into itself such that, for each positive 
integer i, the following conditions are satisfied: 

(i) fi is a Lipschitz map stretching by a, 

(ii) dx ift-i,fi) < 2-'e, and 

(iii) j"^*^' is (fc^ 2^*^ — 2^'^^*)-crookcd for each positive integer k < i. 

To construct /i, we apply Lemma 2.12 with f = fQ, rj = e/2, S — 2~^ and ^ = 1. 
We set fi = F and n(l) = n. We assume that n (1) , n (2) , . . . , n (« — 1) and 
/i, /2, . . . , fi-i have already been constructed, and we will construct n (i) and fi. 

By Proposition 2.4, there is a positive number ry < 2~*e such that, if F : B ^ B 
is a map with the property ifi-i,F) < t], then ^a (/^i?, ^'"^''^) < 2-'=-*-i for 
each positive integer k < i. Now, use Lemma 2.12 with / = /i-i, S = 2~* — 2~'~' 
and jj, = i. Define fi = F and n (i) = n. Clearly, the conditions (i), (ii) and (iii) for 
k = i are satisfied. By Proposition 2.8, the choice of 77 guarantees that f^^'''> = i?"^^) 
is (k,2~'' — 2"'^"*) -crooked for k < i. So the construction is complete. 

By (ii) and Proposition 2.10, the sequence /o,/i,/2,--- converges uniformly. 
Denote the limit by /. By Proposition 2.10, d\ (/, /o) < e. By (iii) and Proposition 
2-7, f^^''^ is (fc, 2~'^) -crooked for every positive integers k and i such that k < i. 
By the second part of proposition 2.10, is (fc, 2~'^)-crooked for every positive 

integer k. Applying propositions 2.7 and 2.9, we get the result that the inverse 
limit of copies of B with / as the bonding map is hereditarily indecomposable. 
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3. The main result 

In this section we finish our proof of Theorem 1.1 by supplying a suitable con- 
tinuum B to the machinery developed in the previous section. For this purpose 
we will take Bj as it is described in [20]. The continuum Bj results from applying 
the theorem by Fugate and Mohler [7] to the continuum Bj described in [19]. As 
we noted in the introduction, to get just a fixed-point-free map in Theorem 1.1, 
one could replace Bj with the original Bellamy's continuum [2] or any of its other 
variations [24] , [25] , [26] and [6] . Even though the properties required in Section 2 
are quite apparent for any of these continua, we feel obliged to check the details at 
least in the case of Bj. To do that we need to summarize the construction from 
[19] and Section 2 of [20]. 

For each positive integer k, let gk ■ [0, 1] [0, 1] be the function stretching the 
interval [0, 1] k times and then folding it uniformly back onto itself. For example, 
g2 is the roof-top map on [0, 1]. For each positive integer n, let Sn be the inverse 
limit of the inverse system of copies of [0, 1] with every bonding map equal to 
Let p'^ be the projection of 5„ onto the fc-th element of the inverse system. Let 
e„ denote the point (0,0, . . .) and let dn denote the point (l, 1/n, 1/n^, . . .). 
Let J„ denote the arc in S^i between and d^. Let g denote the map from Sn 
onto itself induced by 52, i.e. g {{xq, xi, ...)) = (32 (a^o) , 92 {xi) ,...). 

The following properties of 5„ are very well known. 

(51) Every proper subcontinuum of Sn is an arc. 

(52) For each arc A C Sn, there is a positive integer mo such that {dn) ^ A 
for each m > rriQ. 

If n is even, we additionally have: 

(53) e„ is the only endpoint of Sn, 

(54) each point of 5„ \ {e„} has a neighborhood homeomorphic to the product 
of the Cantor set and an open interval, 

(55) 5 is a homeomorphism, and 

(56) ff-l (J„) C Jn \ {dn}. 

For each positive integer j, n {j) denotes 2 (4^ — l) (4^ — l) . . . (4-' — l). By a 
slight variation of the original Bellamy's construction [2], it was proven in [19] that 
there is a tree-like continuum Bj and there is a continuous map fj : Bj Bj 
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without periodic points of periods less or equal to j. Roughly speaking, Bj was 
obtained by replacing JnQ) in SnQ) by a cone over some zero dimensional set Zj. 
More precisely, there is a continuous map qj (this map was denoted by q in [19]) of 
Bj onto Sn(j) with the following properties: 

(Bel) qj~^ (x) is an one-point set for each x G {Sn{j) \ Jn{j)) U {dn{j)}- 
(Be2) The set Zj = qj~^ {^n{j)) is zero dimensional. 

(Be3) qj~^ {Jn{j)) is a cone over Zj. qj~^ {Jn{j)) is nowhere dense in Bj. If d 
denotes the vertex of the cone and, for each z G Zj, denotes the arc 
between z and d, then qj restricted to is a homeomorphism onto Jn(j) ■ 

(Be4) qjofj=goqj. 

It follows that 

(Bc5) every proper subcontinmim of Bj is arc-wise connected, and 
(Be6) if C is a subcontinuum of Bj such that d ^ C, then C is an arc and fj 
restricted to C is a homeomorphism. 

The continuum Bj cannot be used as B is Section 2. For instance, not every proper 
subcontinuum of Bj is an arc. To get a continuum that is more suitable for our 
purpose, we use the technique presented by J. B. Fugate and L. B. Mohler in [7]. 
As in [20] , let Bj be the inverse limit of the inverse system of copies of Bj with the 
bonding maps equal to fj. Let Pj be the projection of Bj onto the k-th element of 
the inverse system. Let fj denote the right shift on Bj, i,e. fj {{bo, 6i, 62, . . . )) = 

(/,(6o).6o.?Ji.&2,...)- 

Let TTj denote the map qj op'j. Observe that the following proposition is true. 

Proposition 3.1. 7rj~^ {x) is zero- dimensional for each x G S^q)- 

Proposition 3.2. Let Aq be an arc contained in Sn(j) and let C be a component 
of 'Kj~^ {Aq). Then, iTj restricted to C is a homeomorphism onto Aq. 

Proof. For each fc = 1, 2, . . . , let = g"'^ (^o)- Since 5 is a homeomorphism Ak is 
an arc. By (S2), there is an integer m such that ^ A), for each integer k >m. 

By (Be4), g'^ o qj oph = iTj and consequently qj o (C) C Ak- Let Cfc be the 
component of qj~^ {A).) containing Pj (C). Observe that C is the inverse limit of 
Cfc's. 

Clearly, d^Ck for each integer k >m. By (Be6), Ck is an arc and the bonding 
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map fj restricted to Ck is a homeomorphism for each integer k > m. It follows that 
C is also an arc and pj^ restricted to C is a homeomorphism onto Cm- By (Bel) 
and (Be3), qj restricted to Cm is a homeomorphism onto Am- Since 5™ restricted 
to Am is a homeomorphism onto Aq, we have the result that ttj = g"^ o qj o pj- 
restricted to C is a homeomorphism onto Aq. 

Proposition 3.3. Every proper subcontinuum of Bj is an arc. 

Proof. Let C be a proper subcontinuum of Bj. Let Ck = p^ (C) for each integer 
= 0, 1, . . . . Since Ck must be a proper subcontinuum of Bj for sufficiently large 
k, it follows from (Bc5) that Ck is be a proper subcontinuum of Bj for each k. By 
(Bc5) and (SI), A = qj (Co) is an arc. Since C C tTj^^ (Cq), it follows from (3.2) 
that C is also an arc. 

Proposition 3.4. Let s he a point of the interval [0, 1]. Suppose k is a map of a 
compactum M onto [0, 1] such that 

(1) (s) is zero- dimensional , and 

(2) K restricted to each component of M is a homeomorphism onto [0, 1]. 
Then, M is homeomorphic to the product of [0, 1] and (s). 

Proof. For any x S M, let a (x) denote the only point from the component of x 
in M such that k {a (a;)) = s. Let ip : M ^ [0,1] x (s) be defined by if {x) = 
{k {x) , a (a;)). We will prove that is a homeomorphism of M onto [0, 1] x (s). 

Let xi,X2, - . - be a sequence of points of M converging to some point x G M. 
We will prove that 

(*) lim a (xi) — a {x) . 

i — ^00 

Since M is compact, there is an infinite subsequence a (2:^(1)) ,a (^i(2)) > • • • con- 
verging to some point y € (s). Since M is compact, lim/j^oo a^i(fc) = x and 
limfc^oo f {xi{k)) = y, X and y must belong to the same component of M. Since 
a (x) is the only point of the component of a; in M belonging to (s), we have 
the result that y = a {x). Thus, a {x) is the limit of any convergent subsequence of 
(7 (.Ti) , (T {X2) , ■ . ■ , (*) is true and consequently a : M — > (s) is continuous. It 
follows that i.p is also continuous. As an one-to-one continuous function defined on 
a compactum, is a homeomorphism. 

Let (ij : Bj — > [0, 1] be the map ° qj ° P^- 
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Proposition 3.5. The conditions (B1)-(B5) from Section 2 are satisfied by B = Bj 
and /3 = Moreover, if A is the (3j -length on Bj, then A ^/j {A)^ = 2A {A) for 
each arc A G Bj. 

Proof. (Bl) follows Proposition 3.3. (B2) follows from Proposition 3.1. (B3) and 
(B4) are proven in Proposition 2.11, [20]. 

To prove that (B5) is also satisfied, suppose x G Bj is not an endpoint. By 
Proposition 3.2, tTj (x) / e„(j). By (S4), there is a set T C containing Tij (x) 

in its interior and homeomorphic to the product of [0, 1] and the Cantor set. By 
Propositions 3.4 and 3.2, nj^^ (T) is homeomorphic to the product of [0, 1] and 
the Cantor set. Since x belongs to the interior of tt^ "^ (T), x has a neighborhood 
homeomorphic to the product of the open interval (0, 1) and the Cantor set. 

The remainder of the proposition follows readily from Proposition 2.12, [20]. 

Proof of Theorem 1.1. Let A be the /3j -length on Bj. 

By Proposition 2.9, [20], the map fj does not have periodic points of periods less 
than or equal to j. There is a positive number rj such that any map f : Bj ^ Bj 
that is r] close to fj does have periodic points of periods less than or equal to j. 
Chose e > so that the distance between / and fj is less than 77 for every map 
f : Bj ^ Bj such that dx {jifj^ < e (sec Proposition 2.3). 

By Proposition 3.5, we may use Theorem 2.13 with B ^ Bj, P = (3j and /o = fj. 
Let f : Bj ^ Bj be the map resulting from Theorem 2.13. Define Xj as the inverse 
limit of copies of Bj with / as the bonding map and let hj : Xj Xj be the right 
shift map. Observe that Xj is a trcc-likc continuum as the inverse limit of tree-like 
continua. By Theorem 2.13, Xj is hereditarily indecomposable. By the choice of e, 
hj does not have periodic points of periods less than or equal to j. 

References 

1. H. Bell, On fixed point properties of plane continua, Trans. Amer. Math. Soc. 128 (1967), 
539-548. 

2. D.P. Bellamy, A tree-like continuum without tlie fixed-point property, Houston J. Math. 6 
(1980), 1-13. 

3. , The fixed point property in dimension one, in Continua with the Houston problem 

book (H. Cook et al., eds.), Marcel Dckkcr, New York, 1995, pp. 27-35. 

4. R. H. Bing, A homogeneous indecomposable plane continuum, Duke Math. J. 15 (1948), 
729-742. 

5. K. Borsuk, A theorem on fixed points. Bull. Acad. Sci. Polon. 2 (1954), 17-20. 

6. L. Fearnley and D. G. Wright, Geometric realization of a Bellamy continuum, Bull. London 
Math. Soc. 25 (1993), 177-183. 



16 



PIOTR MINC 



7. J. B. Fugatc and L. A. Mohler, A note on fixed points in tree-like continua, Topology Proc. 
2 (1977), 457-460. 

8. C. L. Hagopian, A fixed point theorem for plane continua, Bull. Amer. Math. Soc. 77 (1971), 
351-354. 

9. , Fixed points of plane continua, Rocky Mountain J. Math. 23 (1993), 119-186. 

10. , The fixed-point property for simply connected plane continua. Trans. Amer. Math. 

Soc. 348 (1996), 4525-4548. 

11. , The fixed point property for deformations of tree-like continua, preprint. 

12. G. W. Henderson, The pseudo-arc as an inverse limit with one binding map, Duke Math. J. 
31 (1964), 421-425. 

13. S. Iliadis, Positions of continua in a plane and fixed points, Vcstn. Moskov. Univ. 4 (1970), 
66-70. 

14. B. Knaster, Un continu dont tout sous-continu est indecomposable. Fund. Math. 3 (1922), 
247-286. 

15. W. Lewis, Continuum theory problems. Topology Proc. 8 (1983), 361-394. 

16. R. Manka, Association and fixed points. Fund. Math. 91 (1976), 105-121. 

17. R. D. Mauldin (ed.), The Scottish Book: Mathematics from the Scottish Cafe, Birkhauser, 

Boston, 1981. 

18. P. Mine, A fixed point theorem for weakly chainable plane continua. Trans. Amer. Math. Soc. 
317 (1990), 303-312. 

19. , A tree-like continuum admitting fixed point free maps with arbitrarily small trajec- 
tories, Topology and its Appl. 46 (1992), 99-106. 

20. , A periodic points free homeomorphism of a tree-like continuum, Trans. Amer. Math. 

Soc. 348 (1996), 1487-1519. 

21. , A weakly chainable tree-like continuum without the fixed point property. Trans. Amer. 

Math. Soc. (to appear). 

22. , A self map of a tree-like continuum with no invariant indecomposable subcontinuum, 

preprint. 

23. and W. R. R. Transue, A transitive map on [0, 1] whose inverse limit is the pseudoarc, 

Proe. Amer. Math. Soc. Ill (1991), 1165-1170. 

24. L.G. Oversteegen and J.T. Rogers, Jr., Tree-like continua as limits of cyclic graphs. Topology 
Proc. 4 (1979), 507-515. 

25. , An inverse limit description of an atriodic tree-like continuum and an induced map 

without a fixed point, Houston J. Math. 6 (1980), 549-564. 

26. , Fixed-point-free maps on tree-like continua, Topology and its Appl. 13 (1982), 85-95. 

27. K. Sieklucki, On a class of plane acyclic continua with the fixed point property. Fund. Math. 
63 (1968), 257-278. 

Mathematics, Auburn University, Auburn, Alabama 36849 
E-mail address: mincpio9mail.auburn.edu 



